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Abstract

Two kinds of elastic laws have been adopted by Gao (1990 and 1997) to analyze the deformation fields
near a crack tip. One of them contains the response to volume change and shape change; the other contains
the response to extension and compression. In this paper the two kinds of constitutive relations are examined
by typical large deformation, and the restrictions on constitutive parameters are discussed. © 1999 Elsevier
Science Ltd. All rights reserved.

1. Introduction

An important problem in nonlinear elastic theory is to give a reasonable and applicable elastic
law. Many attempts have been made to develop a theoretical stress—strain relation that can fit
experimental results for highly elastic materials. However, in general, the strain energy function is
complicated. Ogden (1972a, b) proposed a form of strain energy which is a linear combination of
strain invariants. An excellent agreement between Ogden’s formula and Treloar’s (1958) exper-
imental data up to 7 times extension is obtained.

When we consider a problem with singular point (such as crack tip, concentrated force), the
situation is different from the ordinary finite deformation case. Actually, near a singular point in
rubber like material, the strain has a tendency to go to infinity, that renders the problem compli-
cated. Theoretical analysis requires the elastic law to be expressed as simple as possible. However,
the simplicity often violates rationality. In order to reflect the material behavior near a singular
point, 1.e. strain tends to infinity, two kinds of constitutive relations were introduced by Gao (1990
and 1997); the earlier one represents the response to shape change and to volume change; the
latter represents the response to tension and compression. These two constitutive relations were
successfully used in the analysis of a singular point by Gao and Gao (1994), Gao and Shi (1995),
Gao and Liu (1995, 1996), Gao and Gao (1996), Gao (1997). Furthermore, these two kinds of
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strain energy were directly used in finite element calculation and were shown to be stable by Zhou
and Gao (1998) in the Total Lagrangian (L..T.) method, the maximum tension of a line element
reached 50 times. It is well known that every constitutive relation contains some parameters that
are restrained in certain value reach to ensure the material behavior to be reasonable. In the present
paper the two elastic laws will be examined by typical load. The constitutive parameters will be
discussed in detail. Finally, these two elastic laws are compared with Ogden’s (1972a, b) formulae
and Knowles et al. (1973) formulae.

2. Basic formulae

Let P and Q denote the position vectors of a material point before and after deformation,
respectively, x' (i = 1,2, 3) is the Lagrangian coordinate. Two sets of local triads are defined as
follows,

0P oQ

P,':;/V,, P = .
ox' Q ox'

(1)

The displacement gradient tensor is

F=0,QPp 2

Where P’ is the conjugate of P, ® the dyadic symbol, and the summation rule is implied. The
right and left Cauchy—Green strain tensors are

D=F"F d=FF" 3)
where superscript T indicates transposition. D and d possess the same invariants such as

[, =D:U=d:U, I,=D:D=d:d, I, =D>:D=4d?:d,... 4

I, =D "U=d"":U [ ,=D"D '=d':d", . .. (5)

in which U denotes unit tensor, : denotes duel multiplication. Among these invariants, there are
only three independent. Besides, a common used invariant is K,

K= (I =311, +2I) (6)
Let /, denote the values of principal strain, then
L =a+A8+45, 1 =A% 447+ 157, K= 114343 7

For isotropic material, the strain energy per unit undeformed volume can be expressed by three
independent invariants, for example,

W= W(,.1,. K) ®)
The Kirchhoff stress is
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—- 9

o 28D 9
then the Cauchy stress is

1=K '"*F-g-F' (10)

3. Two elastic laws

From physics point of view, the necessary conditions for a reasonable constitutive relation of a
solid can be stated in two ways:

(1) A material element must possess stiffness to resist both shape change and volume change.
(2) A material element must possess stiffness to resist both extension and compression.

According to statement (1), a strain energy formula that only contains two terms was proposed
by Gao (1990),

I I
W= a(E:‘,,}> +b(K—1)"K™ (D

where a, b, n, m, g are positive constitutive parameters m should be an even integer. Noting eqn
(7), it is found that the first term of eqn (11) only depends on the ratio of 4; but not on their
magnitudes, therefore, it only reflects pure shape change; the second term of eqn (11) reflects pure
volume change. Equations (9)—(11) can be used to give

, LY /d U m q
- —1/2 S =z _yympt-ef 1
7=2K {na( 1/3) (11 3)+b(K "K (K——l K) U} (12)

Evidently, the first term in the brackets is a stress deviator while the second term is a hydrostatic
stress.

According to statement (2), another strain energy formula that is even simpler was proposed by
Gao (1997),

W=AIY+1")) (13)
Using equations (9), (10) and (13) we obtain
T=2NAK '"2(I¥'d-1"7'd™") (14)

4. Material behavior according to eqn (12)

1.1. Small strain case
Let
8=%(d—U), e=¢g:U (15)

Assuming ¢ to be small, eqn (12) is reduced to
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T = 4na3"! <a— : U>+2'”bme'"" U (16)
For m = 2, the linear elastic relation is obtained, and it follows that
_ 2b—n3”*2a’ _ 8n3"ab a7
4b+n3" ‘a 4b+n3""2q

where E and v are Young’s modulus and Poisson’s ratio, respectively. Evidently, v < 0.5 is
automatically satisfied. The condition v > 0 requires that

p>"3 )

4.2. Uniaxial stress

Without loss of generality, we consider a cubic material element with arrises of unit length as
shown in Fig. 1(a). Under the action of normal stress t'' along x'-direction, the arris lengths
become 4, p and y, respectively, but the arrises still remain perpendicular, as shown in Fig. 1(b).
Let ¢; (i = 1,2,3) denote the unit vectors along x'-direction, then according to eqns (2)—(7), it
follows that

F=le,®@e +ule, e, +e; ® ey) (19)
d=1e, Qe +u’(e;, ®e,+e3 ®e,) (20)
d~' =%, ®e +u e, e, +e; ®es) (21)
Iy =242, I, =2"242u 2, K=y (22)

Further, eqn (12) becomes

pr

—
‘-———_—_——-—-——-_

{

]

i

P ] x!
s /,

s v i
Vd | ™ }

It o

Fig. 1. (a) A material cubic element. (b) Uniaxial load.
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2 (na(i*—p?) |:</1>4/3 <#>2/3:|,,
= =T\ T2 2 _ e ®
),“2 {3(124_2#2) U i ( e, ®e —e, Re,—e; es)

+bl(m— )2t +q) (A2 =1y (/W)”Z"U} (23)

Considering 1 = t = 0, eqn (23) gives

w2 () w2 (5] [-remmonesae - <o 4
then eqn (23) becomes
BRI () oo
When A > 1(u « 1), eqn (24) can be used to give
3
= (;—;)“3””) PRt (26)
where
s=m—gq 27
eqn (26) shows that when A — oo if yu — 0, the following condition is required
s > 2n/3 (28)
Substituting eqn (26) into (25), it follows that,
T = 2(na)*(3sh)' ~*1"e, ® e, (29)
in which
3 25—1
=7 3s+n (30)

In order to ensure that 1 — oo when 4 — oo, s > 0.5 is required.
The total load acting on the element is

3s(2n—1)—n

L=@2t" = 2nayis Gsbymmd s (31)

eqn (31) shows that if L increase with A, the following condition is required,

n

s > m (32)

The work to extend the specimen is
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A 3 B _n_ S
W = J Ldi = ,.S_—i'—_n (na)Bx+n(3sb)3s+n,Iis+n (33)
. 3sn
Evidently, when Ay — o0, W — .
When 1 « 1{(z > 1), eqn (24) gives
3
u = (qu )2(6q+n) /1'2:—:: (34)
2"na
eqn (34) shows that when 4 « 1if g > 1 the following is required,
q>n/3 (35)
Substituting eqn (34) into (25) it follows that
7= —(2"na)’(6gb)' FAi e, ® e, (36)
where
3(2g+1)
P eqin (37)
The total load acting on the element is
6g n 6g(n+1)+n
L= p*t"" = —(2"na)sg+n (6gbYeg+nd ™ 6an (38)

eqn (38) shows that the material element is always stable since #, ¢ > 0.
The work to compress a specimen to become a plate with thickness Ay is

6q+n 6qg n —6gn

W= J TLdi = (2"na)be+n(6qh)es T )%in (39)

. 6gn
4.3. Biaxial stress

Consider the same cubic material element as shown in Fig. 1(a). Under the action of normal
stress 722 and t* (=1%), the arris length becomes A, u and p, respectively, as shown in Fig. 2.
Equations (19)—(23) are still valid but the relation of A and u must be given by 7'' = 0, i.e.

Fig. 2. Biaxial load.
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2"0();2 __'u2) I:(;L>4/3 <N>2/3 j|n - ) B
— =] t2{3 +b[(m— A2t +ql(APpt =) (Ap?) " =0 40
then eqn (23) is reduced to

2”1(1 (“2 ___12) ':()' 4/3 <#>2/31|n
=" =) +2(% e;Re,+es®e 41
T a2+l | \k 2 (e 2T €3 3) (41)

When u » 1(4 « 1), eqn (40) gives

3
2"na 2(35+n) _6s—n
A= (‘j;g) Ho 3s+n (42)

then eqn (41) becomes
1 =(2"na)*(3sb)' *p*(e; @ e3+e5 ® e3) (43)

where the o is given by eqn (30).
The total load on one side is

3s(2n—1)—n

3s n
L = Aut?? = jut*® = (2"na)ssin Bsb)vstapt 3on 44)

eqn (44) shows that if L increase with g, the condition (32) is required.
The work to extend the specimen is

e C3s+n 3L LI L
W=2 1 Ldp = Eym (2"na)3s+n(3sb)3s+npds+n (45)
When p « 1(A4 >» 1), eqn (40) gives
3
. 3gb\2Gg+2m _ 2034-n)
A = m /}, 3g+2n (46)

eqn (46) shows that if eqn (35) is satisfied, 4 — oo when g — 0. Substituting eqn (46) into (41) it
follows that

1= —(2na)’(3gh)' TuV"(e;, @ e, +e; ® e3) 47)
where
_ 3(Q2q+1)
' T 2Gq+ 2n) (48)

The load on one side is

3g(4n+1)+2n

3 2n
L =ut®® = — Qna)isim(3gh)iar o g (49)

The work to compress the specimen is
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W= | Ly . 32"
| bgn

5. Material behavior according to eqn (14)

5.1. Small strain case

From eqn (15) it follows that
d'=U-2, [I_,=3-2e¢

Substituting eqns (15) and (51) into (14) it follows that

, N—1
7= 8NA3N! [s—k ATeU]

then

gN? N—1
34, v =

E= -
2N+1 ’ 2N+1

The condition v > 0 requires

N> 1

5.2. Uniaxial stress

(2na)3q+2n (3qb)3q+2n e 3q+2n

(50)

(5D)

(52)

(53)

(54)

Consider the specimen shown in Fig. 1. Equations (19)-(23) are still valid, then eqn (14) gives

_2N4
o

The conditions 1 = *° = 0 give

()2+2N )A 1 2 (/1 -}-2/172)\/ 1 —720

then eqn (55) becomes

ut
t=—-IV"M P e, ®e
PRt ( /{2) 1 ®e

When 4> 1(u « 1), eqn (56) gives

N—1 2
wo=22ninA TN

[V A2 =I"0 ey ®@e + (Y2 =1V ) (e, ® ez 5 ® e3)]

(55)

(56)

(57)

(58)

If 4 — 0 when 1 — oo, the condition (54) is required. From eqns (22) and (58) we can see, if K

increase with 4 the following condition is required,
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N<3 (59)
Equations (57) and (58) can be combined to give

2 4
T =2 T AN " Nie, ®e, (60)
The total load is
L= p*t" = 2NA ! (61)

The work to extend the specimen is

W= f Ldi = Ai2 (62)

1

When 4 « 1(u > 1), eqn (56) gives

p= 2w nA R (63)
then eqn (57) is reduced to

T= —2%%AN/1‘2A'+"V}17€1 ® e, (64)
The total load is

L=p*t" = —2NA4 V! (65)

The work to compress the specimen is

W= J TLdA = ALFY (66)

1

5.3. Biaxial stress

Consider the cubic material element as shown in Fig. 1(a), under the action of t* and 1** (=1%)
it is deformed as shown in Fig. 2. Using the condition t'' = 0 and eqn (55) we obtain

(/12 +2ﬂ2)1\/7122_(/1—2 _’_2#—2)}\/Allf2 =0 (67)
then eqn (55) is reduced to

2NA ., A
= ] 51 = le, @ey+e; ®es) (68)
m n

When g > 1(1 « 1), eqn (67) gives

N—-1 2
A=2"3wrnp " T (69)
Then egn (68) is reduced to
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o N—1 . 2
7= 2" 3 AN T NTi(e, e, +e;s ® ey) (70)
The load on the side is
L = Aut®? = NA2V 2! (71)
The work to extend the specimen is
w
W= 2] Ldyu = 2Y4u3" (72)
I
When p < 1(4 > 1), eqn (67) gives
N—1 2
A=2w np e (73)
then (68) is reduced to
N—1 2
1= =2 3w nANu T (e, ey e ® es) (74)
The load on the side is
L= jut*? = —2"NAu=*"! (75)

The work to compress the specimen is

u, )

W=2J Ldu =2¥Auz*" (76)
1

6. An example

We consider a spherical rubber membrane subject to internal pressure p as shown in Fig. 3.
Let (R,®,®) and (r,0, ¢) denote the spherical coordinates for the framework before and after
deformation, respectively. The deformation is described by the mapping function

(@

Fig. 3. (a) A thin spherical membrane. (b) Spherical coordinates.



Y.C. Gao, T.J. Gao | International Journal of Solids and Structures 36 (1999} 5545-5558 5555

%9 =0 o= 77)
r=f(R)
Let e, (i = r, 6, @) denote the unit vectors along the coordinate lines 7, # and ¢, then

Pr=e,, Pg=Rsin®e;, Py =Re, (78)

0= Fe =1 Qo=rinde, Ou=re, (79)
therefore,

d=)’e, Qe +p*(ep®ey+e, De,) (80)
where

i=r. u=1 81)

Then I,, 7_, and K are given by eqn (22). It is assumed that initial thickness H is much smaller
than the radius of the membrane R,, so that the strain and stress along the thickness can be
considered as constants, i.e. the values of 4 and p in eqn (81) are constants.

Further, since H « R,, we assume that

7 < t?(=177) (82)

then the equilibrium condition for the membrane can be written as
06 r
7 +TW—ZP:O (83)

where # is the thickness after deformation,
h=Hf = }H (84)

The analysis of deformation will be given according to two elastic laws of eqn (12) and eqn (14),
respectively.

6.1. According toeqn (12)

From eqns (41), (83), (84), and (81) it follows that

dna u?— i PAE 2/3 7 R
ETZ ) +2(f) | =52 (85)
A A7+ 2u U Y 2AH
When u >» 1, eqn (41) becomes eqn (43) then eqn (85) is reduced to
R 3 n
ﬁ = (2"na)iern (B35 = 9= (86)

[f p increase with u, the following condition is required
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n

87
n>3/2, s>2n_3 (87)
The work to swell up the membrane is
K, 3 35 _n_ bom
W = 47CR3 J- uzp du = 4nR2H_;_g;l_n (2nna)3.\‘+n (3sb)3s+nuis+n (88)
1
6.2. According to eqn (14)
From eqns (57), (83), (84) and (81) it follows that
2NA ,_(, A URp
- ——\|=>0 89
A.,’I'lz Il (l’l ﬂz 2};,H ( )
When u > 1, eqn (89) is reduced to
Rp
N IN-3 90
SH NAp (90)
If p increase with p it is required that
N> 32 o1
The work to swell up the membrane is
#~
W = 4nR> f Wrpdu = 4m2VRP HAUEY 92)
1

7. The relation of eqns (11) and (13) with other forms of energy

Ogden (1972a, b) proposed a quite general but convenient form of strain energy, using the
notation of this paper, it can be written as

W= 3 (o) +F(K) ©3)

where K is given in (7), u; are constants, ¢(x,) are strain invariants with exponent «, that may not
be integer,

d(a) =AY+ A5+ 45 —=3)/a, (54)
If F= 0, and only two terms in (93) are taken, let,
o = 2, oy = _2, Hy = 2A, Hy = —2A (95)

then (93) becomes an equivalent form of (13) for the case of N = 1. Ogden (1972a, b) obtained a
sufficient condition for satisfying Hill’s constitutive inequality,
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wa, >0 (each i, no summation) (96)

Evidently, eqn (13) meets this condition for N = 1.
As for the general case, 1 < N < 3, eqn (13) is not equivalent with (93), the Hill’s inequality is
difficult to discuss, but the analysis in this paper directly revealed the reasonable reach of N.
From Ogden’s original idea, see eqn (4) of Ogden (1972b), the general form of (93) can be
written as

W= ub(e) K+ FK) 97)
If only one ¢(2,) is taken and o; = 2, y, = —1/3, p; = 2a, let
F=bK—1)"K 743aK~""? (98)

then (97) becomes a special case of (11),1.e.n = 1.

Therefore, both eqns (11) and (13) possess some common feature with the energy form given
by Ogden (1972a, b).

Knowles and Sternberg (1973) proposed another form of energy and has been used by many
authors,

W =(AI, +BJ+CL,J )" (99)
where
J=K'"? (100)

The Hill’s inequality was not discussed by Knowles and Strenberg (1973) for (99). The interesting
fact is that the same essential solutions were obtained according to different energy forms (11),
(13) and (99), see Gao and Gao (1999).

The inherent relations between (11), (13), (97) and (99) should be further discussed in concrete
application.
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